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(a) A group G of order 6 has the combination table shown below.

e a b p q r
ej e a b p gqg r
ala b e r p g
b{b e a q r p
plp q r e a b
q)| q r p b e a
rir p q a b e
(i) State, with a reason, whether or not G is commutative. (1]
(i) State the number of subgroups of G which are of order 2. [1]
(iii) List the elements of the subgroup of G which is of order 3. [1]
(b) A multiplicative group H of order 6 has elements ¢, c, c2, c , c4, ¢, where e is the identity. Write
down the order of each of the elements c3, ¢*and . [3]
Find the general solution of the differential equation
€y gD, 6y ax (7]
a2 Cax YT

Two fixed points, A and B, have position vectors a and b relative to the origin O, and a variable point
P has position vector r.

(i) Give a geometrical description of the locus of P when r satisfies the equation r = Aa, where
O<A<I. (2]

(ii) Given that P is a point on the line AB, use a property of the vector product to explain why
(r—-a)x(r-b)=0. (21

(iii) Give a geometrical description of the locus of P when r satisfies the equation r x (a—b) = 0.

(3]
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4  The integrals C and S are defined by

e in
C=|" e*cos3xdx and S = Jz e>* sin 3x dx.
0 0
By considering C + iS§ as a single integral, show that
_ 1
C= —3(2 + 33”),
and obtain a similar expression for §. (8]

(You may assume that the standard result for e** dx remains true when k is a complex constant, so
y p

that J' elatib)x g _ 1 elatib)x
a+ib

5 (i) Find the general solution of the differential equation
dv vy .
— + = =sin2x,
dx x *
expressing y in terms of x in your answer. [6]

. e 2
In a particular case, it is given that y = — when x = %n.
T

(ii) Find the solution of the differential equation in this case. [2]
(iii) Write down a function to which y approximates when x is large and positive. [1]
6 A tetrahedron ABCD is such that AB is perpendicular to the base BCD. The coordinates of the points

A, Cand D are (-1, -7, 2), (5, 0, 3) and (-1, 3, 3) respectively, and the equation of the plane BCD
isx+2y-2z=-1.

(i) Find, in either order, the coordinates of B and the length of AB. [5]
(ii) Find the acute angle between the planes ACD and BCD. [6]
7 (i) (a) Verify, without using a calculator, that 9 = én‘ is a solution of the equation sin 60 = sin 20.

(1]

(b) By sketching the graphs of y = sin60 and y = sin20 for 0 £ 6 € %n‘, or otherwise, find the

other solution of the equation sin 60 = sin 286 in the interval 0 < 8 < %n’. [2]

(ii) Use de Moivre’s theorem to prove that

sin60 = sin 26(16 cos” 6 — 16 cos? 6 + 3). [5]

(iii) Hence show that one of the solutions obtained in part (i) satisfies cos2 0 = ‘]—‘(2 - \/i), and justify
which solution it is. [3]
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8 Groups A, B, C and D are defined as follows:
A: the set of numbers {2, 4, 6, 8} under multiplication modulo 10,
B: the set of numbers {1, 5, 7, 11} under multiplication modulo 12,

C: the set of numbers {20, 2! 22, 23} under multiplication modulo 15,

1+2m . e
D: the set of numbers { , where m and n are mtegers} under multiplication.

1+2n

(i) Write down the identity element for each of groups A, B, C and D. [2]

(ii) Determine in each case whether the groups

A and B,
B and C,
A and C
are isomorphic or non-isomorphic. Give sufficient reasons for your answers. [5]
(iii) Prove the closure property for group D. [4]

1 +2m . .
(iv) Elements of the set { , where m and n are integers} are combined under addition. State

1 +2n
which of the four basic group properties are not satisfied. (Justification is not required.) [2]
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1 (a)(i) e.g. ap+# pa = notcommutative Bl 1 For correct reason and conclusion
(i) 3 BI For correct number
(iii) e, a, b Bl 1 For correct elements
(b) ¢ has order 2 BI For correct order
¢* has order 3 Bl For correct order
¢ has order 6 B1 3 | For correct order
2 m?—8m+16=0 M1 For stating and attempting to solve auxiliary eqn
=>m=4 Al For correct solution
= CF (y =) (4+ Bx)e** ALY For CF of correct form. f.t. from m
ForPItry y=px+gq M1 For using linear expression for PI
= -8p+16(px+q)=4x
=>p :% q= % Al Al | For correct coefficients
= GS y=(4+Bx)e* +%x+% B1V 7 | For GS=CF +PL Requires . f.t. from CF and PI with
2 arbitrary constants in CF and none in PI
. . Bl For stating line through O OR 4
3.0 line segment O4 Bl 2 For correct description AEF
(ii) (r—a)x(r—b)= AP x BP B1 For identifying r —a with AP and r —b with BP
Allow direction errors
=|AP||BP|sint.Ai=0 Bl 2 | Forusing x of 2 parallel vectors = 0
ORsint=00rsin0=0
in an appropriate vector expression
Gii) line th hO B1 For stating line
m tne throug Bl For stating through O
parallel to AB B1 3 | For stating correct direction

> >
SR For AB or BA allow B1 B0 Bl

1
4 (C+iS=) j()z“ezx(cos3x+isin3x)(dx)

cos3x+isin3x = e

In (2430 1 R TL:
2T e(2H30x gy = 1| (243Dx |2
Jo N (dx) 2+3i[e }o
_ 2—3i(e(2+3i)§n _eoj _ 2—3i(_ien _1)
4+9 13

{%(—2—%’1 +i(3—2e“)}
C:—%(2+3en)

§=5(3-2¢7)

Bl

M1*
Al

Al
Ml
(dep™)
M1
(dep™)
Al

Al

For using de Moivre, seen or implied

For writing as a single integral in exp form
For correct integration (ignore limits)

For substituting limits correctly (unsimplified)
(may be earned at any stage)
For multiplying by complex conjugate of 2+3i

For equating real and/or imaginary parts

For correct expression AG

For correct expression
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1
, [Lav
5 (i) Fer =e"=x For correct process for finding integrating factor
OR x dy Ty xsin2x Ml OR for multiplying equation through by x
dx
= i( xy) = xsin2x Al For writing DE in this form (may be implied)
dx
=>Xy= ,[ xsin 2x(dx) M1 For integration by parts the correct way round
xy = —%XCOS 2x+%jcos 2x(dx) Al For 1st term correct
__1 1o . . .
Xy = =5 X€08 2x + 4 8in 2x (+¢) M1 For their 1st term and attempt at integration of Zﬁ: kx
=y= _1 cos 2x + Lsin 24 & Al 6 | For correct expression for y
2 4x X
2 1 4c 1 o . .
i) (L 2= 2=+ == Ml g2
(ii) ( i ﬁ) = - + - =>c 2 For substituting ( i n) in solution
= y= _l cos 2x + Lsin 2%+ L Al 2 For correct solution. Requires .
2 4x 4x
iii) (y=)—->cos2x or correct function .t. from (ii
(iii) (y~)—Jcos2 BIV1 |F function AEF ft. from (i

6 () Either coordinates or vectors may be used
Methods 1 and 2 may be combined, for a maximum of 5
marks

METHOD 1
State B=(-1,-7,2)+t(1,2,-2) M1 For using vector normal to plane
Onplane = (=1+1)+2(-7+26)-2(2-2)=-1 | Ml For substituting parametric form into plane

Ml For solving a linear equation in ¢

=t=2=B=(,-3,-2) Al For correct coordinates
AB=~2*+42+4% OR 2N1?+22+2% =6 Al 5 | For correct length of 4B

METHOD 2
4B - —1-14-4+1|

V12 422 +22 M1 For using a correct distance formula
_ Al For correct length of AB
OR AB—-AC.Ap=&710.1L2-2]
V12422422
1,2,-2) . _ .
B=(-1,-7,2)t6———= M1 For using B = 4 + length of AB x unit normal
12 +2% 422
B=(-1,-7,2)%(2,4,-4) B1 For checking whether + or — is needed
Be(l-3 -2 (substitute into plane equation)
=(.-3,-2) Al For correct coordinates (allow even if BO)
(ii) Find vector product of any two of .
1[6,7.1], +[6.-3.0], +(0,10,1) Ml For finding vector product of two relevant vectors
Obtain £[1, 2, —20] Al For correct vector n
0 = cos—! |1, 2,-2].[1,2,-20] MI1* For using scalar product of two normal vectors
B \/12 102 102 \/12 +22 4202 M1 For stating both moduli in denominator
(dep*)
-1 45 o o AN For correct scalar product. f.t. fromn
= ———=41.8°(41.810..°,0.72972...
0= cos J9+/405 8°(41810...0.72972..) Al 6 | For correct angle
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7 () @) sinén=—, sinZn=—1 Bl 1 | For verifying 0=1r
8 2 8 2 ymg ]
b For sketching y =sin66 and y =sin20
1
Mi for 0,, 6,, R
OR any other correct method for solving sin 66 = sin 20
for 6 = k%
OR appropriate use of symmetry
OR attempt to verify a reasonable guess for 6
0= %n Al 2 For correct 0
(i) Im (c+is)6 655208353 4 6es° For exPandmg (c+1s)” ; at least 3 terms and 3 binomia
coefficients needed
Al For 3 correct terms
sin 60 = sin e(6c5 —20c*(1-c?) +6¢(1- c2)2) M1 For using s% =1—c?
sin 60 = sin 9(3205 -3283 + 6(:) Al For any correct intermediate stage
sin 60 = 2sin O cos 6(1604 ~16¢% + 3) Al For obtaining this expression correctly
sin66:sin26(16cos46—1600526+3) 5 AG
(iii) 16¢* —16¢% +3=1 M1 For stating this equation AEF
2 242 Al For obtaining both values of ¢?
4
Al 3

— sign requires larger 0 = %n

For stating and justifying 0 = %n

Calculator OK if figures seen
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8 (i) Group4: e=6

Group B: e=1 B1 | For any two correct identities

Group C: e= 2° OR 1 B1 For two other correct identities

Group D: e=1 2 | AEF for D,butnot“m=n"
(i)  EITHER OR

4

orders of elements
1,2,4,4
OR cyclic group

Bl 5 7 11
| orders of elements
1 {1 5 7 11
1,2,2,2

515 1 11 7 .

OR non-cyclic group
747 1S OR Klein grou
1t 7 5 1 group

For showing group table
20120 2l 22 23 iders of elements OR sufficient details of orders of elements
ol |9l 92 93 50 1,2,4,4 OR stating cyclic / non-cyclic / Klein group

7292 93 20 ,l OR cyclic group (as appropriate)

B1* for one of groups 4, B, C

3 3 0 1 2
27027 27 2 2 B1* for another of groups 4, B, C
A% B Bl For stating non-isomorphic
(dep*) with sufficient detail
BzC B1 For stating non-isomorphic
(dep*) relating to the first 2 marks
A=C Bl For stating isomorphic
(dep*)
5
(i) 1+2m 142p 1+2m+2p+4mp M1* For considering product of 2 distinct elements of this
iii x =
1+2n 14+2q 1+2n+2q+4ng form L.
Ml For multiplying out
(dep*)
1+2(m+ p+2mp) _1+2r Al For simplifying to form shown
T 2n+q+2nq) 1+ 2s Al 4 | For identifying as correct form, so closed
odd X odd = odd earns full credit
odd odd odd
SR If clearly attempting to prove commutativity, allow
at most M1
(iv) Closure not satisfied B1 For stating closure
Identity and inverse not satisfied B1 2 | For stating identity and inverse

SR If associativity is stated as not satisfied, then award
at most B1 BO OR B0 B1
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